
17 AD AO76 372 BROWN UNIV PROVIDENCE R I LEFSCHETZ CENTER FOfi DYNAM——ETC F/S 12/1 
~~~~~~~~~~~~~ 1It ON A STOCHASTIC CONTROL PROBLEM WITH tkzy CONSTAINTS.(U)A JUN 79 M DAY AFOSR—76—3063U UNCLASSIFIED AFOSR—TR—79—t 165 NL

I~~~i _____

H 
_______ 

— 

END
____________________________________________ ______________ ~ F L M E O

____ I -soH



______ P A G L  
_________________ _______

~& , -~~~~ l T  F I CU S S ~ ~, r r  r~~ 1~~~’ r ~ ,l ,V~j L , ,

FoSK49~7’?- /161 ~~~~ _ _  _ _ _

~~F _ , ’r I S .  F r :  f ~ ~~~~~ C.~1 F F P ~ . l f T P1 r F ~ C~~~~E~ :c

~~~~~\ STOCIU\ ST I C CON TR OL P R OBLE M W I TH ~ I
~~~ I 1  ~ O\ S~~~I\ T S , 

— — 
1~

• 8. C D F , Th~~A 1  I C” ~~f~ O ’ . r~ ~~~~

ii ’~l ‘LARTI\JD\Y F ~~~~~~~~~~~~ VAFOSR~ 76~~3~ o3jr

—

~ •~~~ o - : , r. .• : . ~~~ ’ . .~~~~. :. I : , :’c S ;  5 P~~O’ r~~t~. _ L E M I . . F ’ ~~~~~i~~~~

D I V I S I O N  OF .\ P P L I E D  MA TUE~UMT I CS u~~~ ~~~~~~~~~~~~~~

y r  y~ ~ r C’ ‘1’ ~I / — —~~ 
-

~~t~ U~~~\ 611 2F 23,04/Al (J/)/
~~~ PROVIDENCE , RHODE ISLAND 02912  ~~~ --~ - f i

ll . C~~ •~ i~~~~~~~~i ’~~ ‘~~F F , : E  ~~~~~~ ~ ‘ r. 4: ’ , : r ~ i : ’ ~~ 
I~ E~~~~ P 1 Q ~\ T~~

A I R  FORCE OFFICE OF S C I E N T I F I C  RESEARC UN 79
~~~ BOLLI NG AIR FORCE BASE 

~ ~~~~M~~~~~~~~~ PA ~~~~

~ WASHINGTON , D.C. 16
4 ~•

,
~~)‘ 1I  ~~ r .~ 4 G ’ [  .:‘ r ~ I •.IF~ ~~~~~~~~~~~ 1 ‘ r r  ( r n  F F .r’ ,r C r n n r F I r r r I  O I f r r ~~; I S S E C U HIT  ~ CU A~~~. (of FIr . r e p n r F )

~ / / UN CLASS IF I ED 
_ _ _

I ~~~ O . :CF. ~S O \ C I I F O F ~~’ CC’ GRADF ’ I  S
SC H E D U L E

6. C IS I P  H J T : D ’ f  5 ’ A L . .. r ’ N~~~~’ , I  ‘.‘ . r ~~ I , ; ‘ ~r F )

Approved for public release; distribution unlimited.

l7~ C I S T  H, E3U ” ION ~ T A  T E~ j C ,~ 
C - ~~~t 1 r  ,r~ ~:r’~~t .~,nr,ro1 I,, ( f l o c k  2 — ~

I r I r f f n ’, o r r I Ira,,, R~ porI , / / ~
- -

I ~/ ‘ ~~~ / 7 1 ,

_ _ _ _  _ _ _ _ _ _

_D D C
lB .  SU~’ P U 1 M E N T A R (  F. ’, ) TE S  r—.- nç~ ~~

~~~~~~~ I4~~979 LF ) .  ~ E r ’ ~ Q CS ( C a , ’t r , r  ~n rr  n’~~r~~ O r n / n ’  yI ,,rr n ’ n ’ r ’ r , r n ’  ,,nd r dn ’~~F I (y  Fry  bl o nr k n nn r r rSn ’ r )  U~J L__j U ~iJ L!i~

T 1~~ 

B

CIl~~ ~‘

“

~~~~ T RA C T  (C’ n , . r I r r no n’.r’n ,~ r r n ’  y,,h II n~~n’~~~r , o n ’y  e,,d j d - , n r n f , ~ Sn’ b l o c k  ,,ccnob er)

In this paper the logarithmic transformation of Fleming
• is used to discuss a specific problem of controlled diffusions .
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problem is given by the logarithm of a related exi t probability.
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ON A STOC UAST IC CONTROL PROBLEM WI T h EXIT CONSTRAINTS

by

Mar t in Day

ABSTR A CT: In this paper the logarithmic transformatio n of Fleming

[1] is used to discuss a specific problem of controlled diffusions.

The probl em is to minimize a cer tain quadr at ic func t ional of the

applied drift while satisfying the requirement that the place where

the process exits a domain is not in a specified subset of its

boundary . The main resul t is that the solut ion of thi s problem is

given by the logarithm of a related exit probability . 
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I N I ’ROi UC ’F I ON A N D  S h A h ’  FMI;N’I’ 0I ti l l ii hi~OR!M

In this p ape F we ar e  g o i n g  t o  us e  t he 1 o~ a n t  h m i  c t r a n s  fo  rma —

t i on  discuss ed in  ( I I  t o  solve a cc rt a i ii st ec ha’~ t I c c ont  ro I 
~ 

rob I em -

‘I ’ o see our  p r o b l e m  i n  p e r s p e c t  l y e , i t  is c o n v e n i e n t  t o  s t a r t  w i t h

t h e  b a s i c  r e s u l t  c o n c e r n i n g  t h e  ioy a  r i  thin I c t r a i l s  f o r m a t  i on  t h a t

F l e m i n g  d i s c u s s e d  i n  Sect i o n  2 o f  [ I I .

Let  ~ be a bounded  d o m a i n  w i t  Ii C h ou n d a  rv - The

func  t i ons  o ( x ) (d ~ d n on — s I n gul a r m a t  r i x va I ued) and b ( x )

valued) are assumed to be Li  p sch  it on iRd and , along with

0 
1 (x ) ,  are b o u n d e d .  ‘the Markov diffusion process ç (t) i s

ile f i n e d  by t h e  s t o c ha s  t i c d i f f e r e n t i a l  equ at  ion

d~. ( t )  = 1) 
~~~. 

( t )  ) d t  + 
~ (~ ( t  ) ) dw

w here  w I s a d — d l in ens  i ona I 1~ rown i an  m ot  i o n  - L w i l l  de iio t e t h e

Ii rs t exit time of ~ ( t  ) ( a n d  a iso of q ( t ) he l o w )  f r o m  an open

set  U c u~’1. a ( x )  i s  d e f i n e d  to  be o ( x ) o (x ) ‘ , when ’ t h e

denotes transpose. Fleming showed that if ~ € C~ (IR LI ) and we

d e f i n e

= F
x
EeX I) (_ 4

~ ~ 
‘) I ]  ( 1 . 1 )

L ( x , v )  = ( b ( x ) - v ) ’ a ( x )  1 ( h ( x ) - v ) ,  
CCF~~~~N

NTIS V ‘ ‘~ t I O f l

npc I’ .~ ~~~ k”~1 (1
then ~Iv ’ ,

~

I I I S 1 I  R ’ \~

I~~( x )  = —log g~(x) ~~
~‘LAt 
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is the solution of the followin c s t o c h a s t i c  c o n t r o l  P r o b l e m :

L
A

m m E L f  L ( n ( s )  , v ( s )  ) d s  + ~~n (t~~) ) ]  ( 1. 2)
0

subject to

d n ( t )  = v(t)dt + o (n(t))dw , n (0) = x (1.3)

w h e r e  the minimum runs over all ri(t) which solve such an

equation with v(t) hounded and progressively measurable. More-

over the minimum is achieved by using the feedback control law ,

v *(x) = b(x) - a ( x ) V 1 ~~( x ) .

Now suppose we try ~ 
= +

~~~
-
~~ c in the above , where  N ~ D A .
N

The na tu ra l  i n t e r p r e t a t i o n  of ( 1 . 1 )  is

g (x )  = P
x [~~

(t A ) € N], 
(1.4)

1 ( x )  = - log  g ( x ) .

In (1.2), ~ becomes an i n f i n it e penal ty fo r  n ( t A ) € N C . ~e in-

terpret  t h i s  as adding the cons t r a in t  n ( t A ) € N to ( 1 . 3 )  and

rep lac ing  ( 1 . 2 )  by

m m E [J  L ( n ( s ) , v ( s ) ) d s ] .  ( 1 . 5 )
0

Our goal is to prove that 1 ( x )  d e f i n e d  by ( 1 . 4 )  i s  s t i l l  the 

--
~~ 
--

~~
‘ - - -

~~~~~~~~~~-~~~~o-- ’~~~~ -—-fl- -- .-. ‘ - ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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so! ti t i o n  of t hi s cons t rained con t ro 1 p rot) 1cm and that v * ( x I g i vt.’n

by the same formu 1 a i s an opt ima I f e e d b a c k  con t ro 1 . The resul t that

we wi l l  prove is stated more careful lv below , fol 1owe~I by some r e m a r k s

PreParatorY to the proof. The proof is g iven in Section 2. V~e

conc I ude w i th a si nip Ic example in Sect ion 3.

The cons t ra in t ri ( L \ ) € N forces us t o cons i der v ( I ‘ s which

are u n b o u n d e d ;  i f v ( ) i s h o u n d e d  in (I . 3) t hen n ( L \ ) has pos i t I ye

p roba hi l ity of being in any spec i fled open subset of 1A . ‘l’o

describe the collection V . of v( . ) ‘ s to be cons  idered in t h e
X ()

mini m i zat ion in (1 .5) , we beg in by requiring that , associated

v € V ,~ , there he an incr easing fami lv ~ ~f g~~ i~~s and an

adapted d— dime nsion ~ 1 B r o w n i a n  m o t i o n  ~ so t h a t  v (~ ) i s

progressively measurable with respect to the 
~~~~~~~~~ 

Next , we require

that a progressively measurable j oce~~ n’(t) be defined satisf y ing

( a )  n ’ ( 0 )  = x 1~ (1 .~~a)

(b) if I) is open , contains x0 and I~ c A , then (1 .~~b)

(the exit time of Ii from 1)) is finite a.s.

(c) for t the following equation is satisfied: (l.~~c)

“.5

dn V ( t )  = v ( t ) d t  + o ( n ~~(t ’) ) d ~~.

h e r e  i s  t aken  to be I im where  I ) i s  a sequence of sub-
11

domains  for w h i c h  D~ c fl ,~~ and UD~ = A . (The notation D~ f A

will be used to d e s c r i b e  such a sequence. ) Th is de fin i~~ n of ‘A

does not depend on the par t  i c t i l a r  such sequence used .  I m p l i c i t  in

~ 

.-  . 
‘ -~~~~~~~ ‘
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(c) is the assumption that , for any subdom ain I) as in ( b )

I)
v ( t ) I d t  a .s,

J (1

‘1h is is soft’ i c ient t’or us to a p p l y  Ito ’ s lemma tot’ t ; see L 4

h owever , v (t ) may b e h a v e  badl y as t -t 
, consequen t  l v  I im n’ (t )

t

max’ not e x i s t  . We defin e the statement ‘‘ t~ ( t .~ ) ~ N to mean that

t h e r e  e x t  ~ts t f  and x V N so that 1 im ~~ ( t)  = x , i.e . there

e x i s t s a ii in it p0 i ut 0 f ~ f, ~ ) , as t t I 
~ 

, t~ hi i cli I s not i ii N . The

fol low in~ a d m i s s i b i l i t y  c o n d i t i o n  is now the pr ecise s t a t e m e n t  of the

cons ~a I nt men t i oti ed p r e y  i ous lv

P [ r l ’ ( t A ) V N I = 0 .

V i s  the c o l l e c t i o n  of a l l  t hose  v for wh i c h  t h e abo v e
(1

r e q u i r e m e n t s , i n c l u d i n g  t h e  admissibi l it y condition , are all

sat is lied.

‘theorem: Let N c ~A he closed and € A .

(a) Suppose t h a t  v € V~ . l’hen

l U  L(fl’(s),v(s))ds] 1(x0) ( 1 . ” )
0

( h )  There exists v € V~ for which v (t )  = v * (n\
~(t)), where

0

*V (x )  = h ( x )  - a ( x ) V I ( x ) ,

- 
- .—— — ——— ——-.—- ——‘——— —‘——- ---~-—— ——~~~~~

‘- - -‘.—, — -.——— - — —
-~~---
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and equ ality is ach iev e~I in  ( 1 .

We w i l l  use  N t1 
and N~ to deno te  the i n t e r i o r  and c o m p l i m e n t

of N compu t ed relative to ~A.

Rig ht aw a y  we can d i s p e n s e  with some tr ivial cases. If

cj x )  T 1 , then 1 ( x )  0 and the theorem is t r i v i a l .  I, By the

st rong max i mum pr inc i 
~ 
Ic app i i ed to equat ion (I . 8)  be lo w , g ( x ) I s

e i t h e r  i d e n t i c a l l y  I or s t r i c t l y  l e s s  t h a n  1 .  L i k e w i s e  i t  i s

o I thet’ idon t i ca l  lv 0 or strict l\’ pos itive. ) It ’ g (x) 0 , let

he a s e q u e n c e  of  c l o s e d  s e t s  w i t h  n o n - e m p t y  i n t e r i o r s  so that

f l\  = N . B e c a u s e  the interiors are non-empty,

= Px I~~
(I A ) € N

11] 
> 0,

.in~I ~~~ x )  i) . I f  ‘l’(t) sa tisfies the admissi b ilit y conditi on

for \ , then I t a! so doec for N . The theorem in t Ii 1 s case

imp ! ios that

1
A

I U L(fl’(5) ,v(s) )dsj - log g
11
(x()).

L e t t i n g  a “ we see tha t

i~if L~fl’(s), v(s))dsJ =

0

Tb is shows that i t  i s  enoug h to prove the theorem in the case

(1 < g ( x )  < 1.



— —--—

()

h u t ’ c o t i d  i t  ions o t t  .\ ,~~ an d  h ‘ p  L v that t~ € (
‘ i, .\ ‘I and

‘.a t i s t  I t ’ s the t’o 1 1 ow nt~ o~ iia t i on ott ‘
~

I 
~
‘ 

- + V h ~ = 0 1.
-‘ t I ’ \  x ~

‘

1 , 1 1 I I 1

t t it

. 0I on N
~

0 o t t  N

i l l i  ~s c a n  he  prov ed H api ’ rox i mat i ii~~ x bi’ ~~~~~ unct ions

o oh t a i n  ( a o ~ i ‘Li t i o t i s  o t ‘~ i i i cii s .i t i s t V (I . 8)  . Now t ho

Scha ude r tn t ~‘ i or os t t n a t e  
~~
. I iwo t’~’~~ ~ . 2 c I vc’~ t he ~ ‘ tecompac t ness

o t t hit’ s e app rox i “ L i t  i o ns  ,iiid t he i i ’  d o t ’  I v a t  i yes tip t o se c on d  o r d er

I rom th i s  it IoI!ei ~’. th at ~
‘ € C ( A )  and s a t i s f i e s  (1.81 .’) This

imp I i es • “ I t i ¼ ~~,’ ~
‘ 0 in .\ • ( 1 1 . 1  t 1 t L ’ ( A )  and h a s  h o u n d a t ’ v

h i  vi or

1 0 on N
11

I I,’) 1,1. 9 ’)

+
~~ on S c

~ ne ~ heck  s • it s t I I ~ : I, 1 . S ) , t h a t  I m ust ob ey

~ ~ 
. i . . 1  ~ h I ( x , V h ( x ) ’ )  i~~ A . 1 ,1 .10 ),1

________ -~~~~~ -~~ ~~ - -~~~~ - - -~~~ - - -- - -~~~~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - - - ~~~- -~~~ ‘
‘

- ~~~~~
.- —.  

~~~~~~~~~~~~~~~~~~~~~~~~~~~



lie re , as  i n  I I I

hI (x ,p ) . P ’~~(X’)P b(x ) .1’

= III in { v P + I ,  ( x , v ) I
V

(v *) .p

where v~ = h (x  ) - a ( ,x ) ~ is t he unique v ach lev i t i ~~ t he in m i  mum .

R e w ’ r i t  in~ (1 . [1,) )  as

0 = 

~ 
a 
~ 

l~ ~ 
+ mi tt Ir. I + L 1 ,x , i ’ ) ’ ) , ( 1 .  1 1 1

we see whi~’ one in t i~ht cx pec t t he t boo reni to he t rue  ; (I . 11 ) is the

app rop t’ t ate dyna mic r ro ~ r a i n ’n  I ng ci fua t ion.

I

— —~~~~ ‘

——--~~~~~~
.‘ .-.—————~~~~~~~~~~~~‘
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I I .  l’R ~ 0l Oh L I I I  h h h l O R l ~ t

t ons ide t pa i t (1’ ) o I l i t ’ I t ’~~~ I t t . S i  tic ~
‘ i t s I 0 0 1  1 1

I t  ;‘ “ch it • t h , ’ o~i t i , t t  t o n

i ~ ( t  ) V 
* 

1 , ? ’  1 , t  1 i t  0 ( t  1 )  ,t~ , “
~~ 1, =

i t . i s a t i n t L Imo ‘~O lo t iou t o t  t . (See 1 2 1  ot . I o il o~ i n~

the s t  a n d i r d  p roct ’dti re i t t  such n i t  t o rs , ise c a n t  t a ke ano st , !’d on.i t ni P

w i t  h P ~~~,\ an d  ipp I it o ’ s ~~~~~~ i i i  co i t  1 1100 t i on  ~ i Ii 1 . II ’ ) and

he 1.i c t t ii a t l i t ’ i i i  ~‘i a ‘i t to ii eyed by v t o ~ e e t ha

I ( x i ) 1 ( 1 1 ,  * 1 . ( ( 1 )  ‘ ) d s  I + I H •
~~~~ ~ 

~ 1 ) 1 .  ( .  I)
(1

N’~~i~ 1 o t t  i i~~: 
I) A . i t i d  I ~ ~~~“ • t h e  I t  t ’

~~ t t e r ’ :  on t he ‘ t

J ( n ~ I , y~~ * 
1 ’ ) )

by t he nonot one coiti erc~cnc o t h e o t e n  . I l i t ’ s e c on d  t e r n  o t t  ho r i  ~ht

in 1 ,2 . 1) is not so s i n j ’  I c ;  e~ en i t ’ we a t  ready knct~ th at ‘
~~~~

‘~a t  i~~~ t ie ,~ t h e  , t d m i s s i b i  I i t ~ r et l i i i r e m e l i t • s nice 1 i s  u n b ou n d e d

n e ar  p ort t ens  o t t he bound  .i r v  • i t  i s c once  iv .ib it’ t h a t  we  ~e t .t

~~O5 t t I \ t’ I ‘O~ i t  1 01’ t ills e i’m . \\e 0,111 , he w ev e r  , d r,iw the t’o I low in ~
los t o n s :

1 1, x~ ~ I 
j~~~

l 1, • 
~ ~~ i~ 

( 2 .  2~

L

i (x e ’) F [1 ~~( t  A 1 ) ) ) .  ( 2 . 3 )

A ‘———--~ -- -- ‘
~~~~~~~~~~~~~~~~~~~~

-‘

~~~ 

- - - - ‘—
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th e s t’cond o t h o s e  I r ip  I i t ’s h i t  * I, ) s i t i s I i e s he adm i ss ib 1 1 i t y

con d  i t  t O l l . 10 P ! ‘ ‘\ ‘ Ii I ‘. I t ’ t = I C . x C ‘ ti l :uid A he a sequence

of S t t h J O f l l  i l l S ~ i t I’ . * ‘ 
. ‘~e !~ • m ~~~ 

fl 
~~~~~~ i t

t oilows t h a t  = 
~~~ . .

~ H . H 12 .3L
tt , m n

I I [ I  ( I ; A H A H I I .
Ii 111

S i n c e  t . = 1 im , ~se S t ’O that
in

*sup I I, ( s  ) ) > ii

0’- ~~~‘ ~~~~~ I

imp lies tha t , I’or all su f fi c ientl y lart ~e in ,

sup  1( * ( s ) )  n .
0’-s ’-~~, A l

in

This in turn , imp i I C S  that I (~ A I~~ A ‘I ’) )  = n . Us ing this
a in

in  ( 2  . 4 ~ we have t hat , ~ i’ fixed a

n . P (  s u p (( *()) nj
O s s ’ .  t y x I

*11111 , i .  P[ Sup I ( i i  (s) ) “ n]

m -
~ O~ s<  ~ A l

iii

~ m ’ in  F U I ( f l ~ ( A A 1))] ~ 1 ( x 0 ) .

‘rhu s

~~~~~ ~~~~~~~~~~~~~~ ~—
--

~~~
-.__ 

, ,
~~~ ,, ~~~~~~ 

- 
. , ~~~~~~~~~~~~~~~~~~~, -,
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*P [  sup I ( r i  ( s ) )  = +co J = 0.

But i f  n ( t A ) ~ N in the sense descr ib ed , then by ( 1 . 9 ) ,

sup I ( r i * ( s ) )  = +
~~~~ . This p rove s the admissibili ty condi tion.

The proper ty  tha t  a . s .  for ~ c A follows from the

fac t  that  v~ is bounded on D.

I n li ght of ( 2 . 2 ) ,  the proof of (b)  w i l l  be comp le te once we

show

t A 
*1(x0) < E EJ L(~ (s ) , v* (s ) ) ds } .

0

But this is precise ly the conclusion of par t (a) of the theorem ,

to whose p ro o f we now turn.

Here we start with the solution of the equation

dn ’T (t) = v(t)dt + (1
V
(t))d n (O) =

ass ocia ted wi th a g iven v € V~ . The ob jec tive is to prove
0

•t
A

L( n v( s ) , v ( s ) ) d s l  > I ( x ~~) .
0

We assume that the quant i ty  on the l e f t  is f i n i t e , for otherwise

th ere is nothing to prove . The usual 1t~ calculation has the sam e

d i f f i c u l t y  as before ;  how do we know that E[I( 11 V (T D A T))] 0 as



I I

~s I ) • .\ a n d  I ‘ ‘ 2  l i i i ‘~ i l l  t i c t i l t ’ ’  t a n  110 c i ,ctimvt’ i i t ed by

rep t a t ’ i n~~ t he hoii nda t v va  hues • ‘
~~~ ~ 
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A ‘1’))) -* 0 as D ~ A and I t +~~~ .

The convergence of the L term is the same as before and we conclude

that

‘A
I (x e) 

< E[J L(nV (s) ,v(s))dsl .n 0

Letting n 1- comp letes the proof of the theorem.

III. A SIMPLE EXAMPLE: THE BESSEL PROCESS

The theorem above implies that whenever we can exp l i c i t l y  ‘

I

so lve the Dirichiet probl em for the gener ato r of ~ (t) on A wi th

boundary values X N ,  we can g ive an exp l i c i t  so lu t ion  for an

assoc ia ted  s tochast ic  control problem . As an example , let d = 1

and A = [0 ,a] (for any a > 0 ) .  I f  b ( x )  0 and 0 ( x )  E 1

then ~~( t )  is s imply  Brownian mot i on .  Let N = {a} . We have then

g ( x )  = P x [~~(’t A ) = =

1 (x)  = - log (~~) ,  V I ( x )

v * (x) = 0 - (
~~ ) = 

~~~,

dr,*(t) 1 dt +‘dw.
n ( t )

Thus n*(t) is the Bessel  process associated with 3 -d imension a l
*Brown ian motion 8 ( t ) ;  ii ( t )  = 1 8 ( tf l , see [ 4 1 .  In the present

case L ( x , v) ~ v 2 . According to our theorem , the Bessel  process

* ( t )  m i n i m i z e s

4’ ‘ ~~~~~~~ - A’. ~~~~
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I

E~~[f ~~~ v ( f l ( s ) ) 2ds]

among a l l  d n = v ( t ) d t  + dw for which = 0]  = 0
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